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Abstract 

In this paper we describe Routhian reduction as a special case of standard symplectic 
reduction, also called Marsden-Weinstein reduction. We use this correspondence to present 
a generalization of Routhian reduction for quasi-invariant Lagrangians, i.e. Lagrangians that 
are invariant up to a total time derivative. We show how functional Routhian reduction can 
be seen as a particular instance of reduction of a quasi-invariant Lagrangian, and we exhibit a 
Routhian reduction procedure for the special case of Lagrangians with quasi-cyclic coordinates. 
As an application we consider the dynamics of a charged particle in a magnetic field. 



1 Introduction and outline 

In modern geometric approaches to Routhian reduction it is often mentioned that this reduction 
technique is the Lagrangian analogue of symplectic or Marsden-Weinstein reduction [14] (see for 
instance the introduction of [3]). This assertion is usually justified by the fact that, roughly speak- 
ing, for Routhian reduction one first restricts the system to a fixed level set of the momentum map 
and then reduces by taking the quotient with respect to the symmetry group. In this paper we 
show, among other things, that the analogy between Routhian reduction and Marsden-Weinstein 
reduction holds at a more fundamental level: in fact we will show that Routhian reduction is 
simply a special instance of general Marsden-Weinstein reduction (from now on referred to as MW- 
reduction). More specifically, by applying the MW-reduction procedure to the tangent bundle of 
a manifold, equipped with the symplectic structure induced by the Poincare-Cartan 2-form asso- 
ciated with a Lagrangian, we will show that the resulting reduced symplectic space is 'tangent 
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bundle-like', and that the reduced symplectic structure is again defined by a Poincare-Cartan form, 
augmented with a gyroscopic 2-form. Of course, this symplectic description of the reduced system, 
obtained via the Routh's reduction method, is well-known in the literature. The difference with 
our approach, however, lies in the fact that we arrive at the reduced symplectic structure follow- 
ing the Marsden-Weinstein method. Until now, the symplectic nature of a Routh-reduced system 
was obtained either by reducing the variational principle (see [7J [T3] and references therein) or by 
directly reducing the second order vector field describing the given system (see [4]). 

The advantage of interpreting Routhian reduction in terms of MW-reduction lies in the fact that 
we are able to extend the concept of Routhian reduction to quasi-invariant Lagrangian systems, i.e. 
Lagrangian systems which are invariant up to a total time derivative. Such a generalization lies 
at hand: it is well known that a quasi-invariant Lagrangian determines a strict invariant energy 
and a strict invariant symplectic structure on the tangent bundle. On the other hand, the actual 
reduction of quasi-invariant Lagrangians exploits the full power of MW-reduction and is therefore 
in our opinion a very interesting application of this reduction procedure. The generalization to 
quasi-invariant Lagrangians is the main result of this paper. 

Lagrangians with a quasi-cyclic coordinate. In the remainder of the introduction, we illus- 
trate some of the concepts used in this paper by means of a simple, but clarifying example: the 
case of a Lagrangian with a single quasi-cyclic coordinate. This is a generalization of the classical 
procedure of Routh dealing with Lagrangians with a cyclic coordinate, and will serve as a concep- 
tual introduction for the geometric techniques introduced later on, when we deal with the case of 
general quasi- invariant Lagrangians in Theorems [7] and [8] 

We begin by recalling the classical form of Routh's result on the reduction of Lagrangians with 
cyclic coordinates (or, stated in a slightly different way, the reduction of Lagrangians which are 
invariant with respect to an abelian group action). For simplicity, we confine ourselves to the case 
of one cyclic coordinate. Subsequently, we will illustrate how this theorem can be extended to cover 
the case of quasi-cyclic coordinates. 

Given a Lagrangian L : R 2 " — > M for a system with n degrees of freedom (q 1 , . . . , q n ) for which, 
say, q 1 is a cyclic coordinate (i.e. dL/dq 1 = 0). The momentum p\ = dL/dq 1 is a first integral of 
the Euler-Lagrange equations of motion. If d 2 L/dq 1 dq 1 ^ holds, there exists a function ip such 
that p\ = /j, is equivalent to q 1 = ip(q 2 , ■ ■ ■ , q n , q , ■ ■ ■ , q n ). 

Theorem 1 (Routh reduction 17J). Let L : R 2 ™ — > R be a regular Lagrangian for a system with n 
degrees of freedom (q , . . . ,q n ). Assume that q 1 is a cyclic coordinate and that d 2 L/dq 1 dq 1 ^ so 
that q 1 can be expressed as q 1 = 1 • ■ ■ ? 9™! Q 2 ■, ■ ■ ■ > ?")■ Consider the Routhian : R 2 ( n_1 ) — > R 
defined as the function R^ = L — q 1 ^ where all instances of q 1 are replaced by ip. The Routhian is 
now interpreted as the Lagrangian for a system with (n — 1) degrees of freedom (q 2 , . . . , q n ). 

Any solution (q l {t), . . . , q n {i)) of the Euler-Lagrange equations of motion 



with momentum p\ — ji, projects onto a solution (q 2 (t), . . . , q n (t)) of the Euler-Lagrange equations 
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Conversely, any solution of the Euler- Lagrange equations for can be lifted to a solution of the 
Euler- Lagrange equations for L with momentum p\ = ji. 



The number of degrees of freedom of the system with Lagrangian i? M is reduced by one, and this 
technique is called Routh-reduction. We now formulate a generalization of this theorem for a 
Lagrangian system with a quasi-cyclic coordinate q , i.e. there exists a function / depending on 
(q 1 , . . . ,q n ) such that 

— = <f^t. 
dq 1 dq 1 

If q 1 is quasi-cyclic, it is easy to show that there is an associated first integral of the Lagrangian 
system given by F :— dL/dq 1 — /. Note that if d 2 L/dq 1 dq 1 ^ 0, we can again solve the equation 
F = fx, where /i is a constant, to obtain an expression for q 1 in terms of the remaining variables. 
In the next theorem we now show how the classical procedure of Routh may be extended to cover 
the case of a Lagrangian with a quasi-cyclic coordinate. We defer the proof of this theorem to 
section 15.11 



Theorem 2 (Routh reduction for a quasi-cyclic coordinate). A regular Lagrangian L : R 2n — > R for 
a system with n degrees of freedom (q , . . . , q n ) with a quasi-cyclic coordinate q 1 is Routh-reducible 
if (i) d 2 L/dq 1 dq 1 ^ and if (ii) there exist (n — 1) functions Tk independent of q 1 such that 

|r= r *foV".^)|p k = 2,...,n. (1) 

For /i a constant, consider the Routhian R^ : R 2 ^ 1-1 ) — > R defined as 

R» = L-(fX + fiqW 1 +T l q t ), 

where all instances of q 1 are replaced by the expression obtained from the equation dL/dq 1 = fi + f. 
The Routhian is independent of q 1 and can be seen as a Lagrangian for a system with (n— 1) degrees 
of freedom (q 2 , . . . , q n ) . 

Then, any solution . . . ,q n (t)) of the Euler- Lagrange equations 

d fdL\ dL 



dt \dq l J dq 1 

such that dL/dq 1 — f = jj,, projects onto a solution (q 2 (t), . . . , q n (t)) of the Euler- Lagrange equations 

d fdm i \ dR^ „ , „ 
= 0, k = 2,. 



dt \ dq k J dq 

Conversely, any solution of the Euler- Lagrange equations for R^ can be lifted to a solution of the 
Euler- Lagrange equations for L for which dL/dq 1 — f = fi 



Readers familiar with methods from differential geometry might recognize that the functions 
determine a connection on the configuration space. The condition (ii) from the above theorem can 
be interpreted geometrically as the existence of a connection for which df annihilates the horizontal 
distribution, or alternatively, such that / is covariantly constant: Df = (with Df denoting the 
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restriction of df to the horizontal distribution). It turns out that this condition is essential to 
Routhian reduction in the context of quasi- invariant Lagrangians. 

We note that the requirement that df annihilates the horizontal distribution implies in this case 
that there exists an equivalent Lagrangian L' (i.e. a Lagrangian that differs from L by a total time 
derivative) which is strictly invariant so that Routhian reduction in the classical sense can be applied. 
However, we should warn against dismissing quasi-invariant Routh reduction too hastily since Routh 
reduction is possible also for quasi-invariant Lagrangians with nontrivial non-equivariance cocycle. 
We refer to |10j for a general discussion on quasi-invariant Lagrangian systems and in particular 
the property that the vanishing of this non-equivariance cocycle is a necessary condition for a 
quasi-invariant Lagrangian to be equivalent to a strict invariant Lagrangian. 

To conclude this introduction, we note that the study of Routhian reduction for quasi-invariant 
Lagrangians was partially inspired on a technique called functional Routhian reduction described 
in [2], where it is used to obtain a control law for a three-dimensional bipedal robot. We will return 
to this example in section 15.21 



Plan of the paper. In sections [5] and [3] we show that classical Routhian reduction is precisely 
MW-reduction. We start with the well-known description of MW-reduction in the cotangent bundle 
framework. Although a description of cotangent bundle reduction may be found in [12j . we will 
elaborate on this and prove the results because this will show useful when considering quasi-invariant 
Lagrangians. Next, in section [4] we describe MW-reduction for quasi- invariant Lagrangians. In 
section [5] we conclude with a number of examples. 



2 Tangent and cotangent bundle reduction 

In this section, we recall some standard results on group actions and principal bundles and we 
formulate Marsden-Weinstein reduction theorem in its standard form. We then specialize to the 
reduction of a cotangent bundle with the canonical symplectic form or a tangent bundle with 
a symplectic form which is obtained through pullback along the Legendre transformation. The 
material in this section is well-known and more information can be found in [111 116] . 



2.1 Momentum maps and symplectic reduction 

Notations. Throughout this paper we shall mainly adopt the notations from [5] and [TS]. Let M 
be a manifold on which a group G acts on the right. This action is denoted by \& : M x G — > M and 
is such that if? „^ = o if? g for all g, h e G, with ^? g := g). The action if? induces a mapping 
on the Lie-algebra level 



<p : M x -> TM : (m, £) i-» ip m {€) = x 

ae 



^(ro, exp e£). 



The mapping g — » X(M) associating to a Lie-algebra element £ the corresponding infinitesimal 
generator £jf G X(M) : m — > <y3 m (£) is a Lie-algebra morphism. The isotropy group G m < G of 
an element m G M is the subgroup of G determined by ^{m,g) = m. The Lie-algebra of G m 
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is denoted by g m . The orbit O m of to is the subset of M consisting of the elements of the form 
^(m,g) with g £ G arbitrary. Finally, we will sometimes consider the dual to tp m , i.e. the map 
tp* n : T^M — > g*. With a slight abuse of notation, the symbol tp* will also be used to map a 1-form 
to a g*-valued function on M, pointwise defined by ip* (a) (to) = yj^(a(m)), with a a 1-form and 
to £ M arbitrary. 

We will often assume that the action on a manifold M is free and proper. This guarantees that 
the space of orbits M/G is a manifold and that the projection it : M — > M/G is a principal fibre 
bundle [5]. We assume that the reader is familiar with the concept of associated bundles of a 
principal manifold and, in particular, the bundle g associated with the Lie-algebra g on which the 
group acts on the left by means of the adjoint action. The adjoint action of G on its Lie-algebra g is 
denoted by Ad g , and is defined as the differential at the identity of the conjugation mapping. The 
dual to the adjoint action is called the coadjoint action and is denoted by Ad*, i.e. Ad*(/i) G g* 
for /i£g*. We denote elements in g by £ and they represent orbits of points in Q x g under the 
action of G defined by (q, £) i— » (qg,Ad g -i£) with q E Q, g E G and £ £ g arbitrary. In this sense 
we sometimes write £ = [q, £]g- 

A principal connection on a manifold M on which G acts freely and properly is an equivariant 
g-valued 1-form A on M such that, in addition, A(£m) — £ f° r all £ £ g. The equivariance property 
is expressed by Ay ( m )(T^ r 9 (« TO )) = Ad g -i (A m (v m )), for any m E M,v m E T m M and g EG. The 
kernel of A determines a G-invariant distribution on M which is called the horizontal distribution 
since it is complementary to the vertical distribution Vtt = kerT7r, with 7r : M — ► M/G. In this 
paper we will consider the dual of the linear map A m : T m M — > g which is understood to be a 
map A* m : g* — > T* n M. If ^ e g*, then the 1-form : A/ — * T*M is defined pointwise by 

m i — ► A* n (/i). Again, with a slight abuse of notation, we sometimes write A*(jx) = ^4 M . 

Throughout the paper we encounter products of bundles over the same base manifold B, say E\ — * _B 
and E-2 ^ B. The fibred product £1 Xb E2 over the base manifold is often denoted simply by 
i?i x £2 and consists of pairs (ei,e2) with ei £ £1 and e2 £ E2 such that ei and ei project onto 
the same point in B. 

Symplectic reduction. Let (M, oj) be a symplectic manifold on which G acts freely on the right, 
f :MxG-> M. The action ^ is canonical if \I/*u; = oj for all g E G. If the infinitesimal generators 
£m are globally hamiltonian vector fields, i.e. if there is a function for any £ £ g such that 
i^ M LU = —dJ^, then the map J : M ~ > g*, is called a momentum map associated to the action. 

Following [1 , we define the non- equivariance cocycle associated to a momentum map of the canonical 
action: 

a : G -> g* : g h-> J(m ff - 1 ) - Ad* g - t (J(m)), 

where m is arbitrary in M. If M is connected this definition is independent of the choice of the 
point to and determines a g*-valued one-cocycle a in G, i.e. for g, h E G it satisfies 

<KfffO = ff(ff)+;4t$-iff(/l). 

If M is not connected we restrict the analysis to a connected component. Therefore, without 
further mentioning it, we will always assume that the manifolds we are considering are connected. 
Given another momentum map J' associated to the same action, its non-equivariance cocycle a' 
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determines the same element as a in the first g*-valued cohomology of G, i.e. [a] = [a'] € H 1 (G, g* ) . 
Note that for reasons of conformity, we haven chosen to define a following [15] for left actions: recall 
that a right action composed with the group inversion is a left action. 

If the moment map is not equivariant one can show (see [16] ) that it becomes equivariant with 
respect to the affine action of G on q* determined using the cocycle a and given by 

(g,/j,) h-> Ad* g fi + aig- 1 ). 

Due to the fact that G acts freely on M - this is the only case we consider - any value of J is regular 
and, therefore, J~ 1 (fi) will be a submanifold of M for all /i € J(M) [15] . 

Theorem 3 (Marsden-Weinstein reduction). Let (M,uj) be a symplectic manifold with G act- 
ing freely, properly and canonically on M . Let J be a momentum map for this action with non- 
equivariance cocycle a . Assume that [i G J(M), and denote by G^ the isotropy of /i under the 
affine action of G on q* . Then (M^^uj^), with = J~ 1 (/Lt)/G M; is a symplectic manifold 
such that the 2-form ui^ is uniquely determined by i*w = tt^lo^, with : J _1 (/i) — > M and 
TT ll :J- 1 ( j i)^M tl = J- 1 { l i)/G^. 

Let H denote a function on M , which is invariant under the action of G. Then, the Hamiltonian 
vector field Xh is tangent to J _1 (/x) and there exists a Hamiltonian h on with ir^h — i*^H , 
such that the restriction of Xh to J _1 (/i) is ir ^-related to X^. 

2.2 Cotangent bundle reduction 

Consider now the case of a cotangent bundle T*Q with its canonical symplectic structure uq := ddQ, 
where 8q is the Cartan l-forn£|. Let G be a Lie group acting freely and properly on Q from the 
right. Since a cotangent bundle is a special case of a symplectic manifold, the Marsden-Weinstein 
theorem obviously applies to T*Q. However, because of the extra structure present on a cotangent 
bundle much more can be said in this case than one would expect from the Marsden-Weinstein 
theorem: see [TT1 112j . 

The group G acts on Q by a right action ^ and hence also on T*Q by the cotangent lift of this 
action: (g, a) >— > T*^ g -i (a). The map J :— <p* : T*Q — * q* , defined by (</(a g ),£) = {a q ,Lp q {^)), 
is a momentum map for this action. One can easily show that J is equivariant with respect to the 
coadjoint action on g*, or in other words, J o T*^> g -i ~ Ad* o J. 

Recall that we assume that the action of G is free and proper so that the quotient Q/G is a manifold. 
In this case the quotient projection tt : Q — > Q/G defines a principal fiber bundle with structure 
group G. We denote the bundle of vertical vectors with respect to the projection n by Vn. The 
subbundle V°ir of T*Q is defined as the annihilator of Vtt. 

Fix a principal connection A on Q and let (j) 1 ^ be the map J _1 (/i) — » V°ir;a q <fij^(a q ) := 
a q — A.q(fi). This is an equivariant diffeomorphism w.r.t. the standard action of G^ on V°ir, and 
its projection onto the quotient spaces is denoted by \<j>w\ : J _1 (/i)/G M — > V°Tr/G tl . The space 
V°ir can be identified with T*(Q/G) x Q and, consequently, the quotient space V°ir/G fl can be 
identified with the product bundle T*(Q/G) x Q/G^. We therefore conclude that the choice of a 

1 Let a S T*Q, then 8 Q {a)(X) = {a,T-K Q {X)) for arbitrary X e T a (T*Q). 
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connection A allows us to identify J 1 (fi)/G fl with the bundle T*(Q/G) x Q/G^ by means of the 
diffeomorphism \(f>w\. 

Next, the 1-form A^ (which is also denoted by A*(/j,)) determines a G^-invariant 1-form on Q. It is 
not hard to show that cL4 M is a 2-form on Q, projectable to a 2-form £> M on Q/G^. This follows from 
the invariancc under the action of G M and the annihilation of fundamental vector fields of the form 
£q with £ in the Lie-algebra g M of G p . In the following we consider the 2-form on T*(Q/G) x Q/G^ 
determined as the sum of 

• the pull-back to T*{Q/G) x Q/G^ of uj q/g on T*{Q/G) ; 

• the pull-back to T*(Q/G) x Q/G^ of By. on Q/G^. 

Let vri, 7T 2 and Pll be the projections m : T*(Q/G) x Q/G M -> T*(Q/G), n 2 : T*(Q/G) xQ/G^ 
Q/Gp and p M : Q — > Q/G M , respectively. We further denote the natural injection V^°7r — > T*Q by 
io- The above mentioned 2-form on T*(Q/G) x Q/Gy equals 

fl^Q/G + T^M- 

Theorem 4 (Cotangent bundle reduction). Given a free and proper action of G on Q and con- 
sider its canonical lift to T*Q. Let [i be any value of the momentum map, with isotropy subgroup 
Gy. By fixing a principal connection A, the symplectic manifold (M M , w^) is symplectomorphic to 
(T*(Q/G) x Q/Gfj,,irlujQ/G + K^By), with symplectomorphism \<j)w\. 

We can summarize this in the diagram presented in Figure [U 

K 

J- 1 (A*) " ► V°TT 

M„ ► T*(Q/G) x Q/G M > Q/G^ 

7T1 

T*(Q/G) 

Figure 1: Cotangent bundle reduction. 

Although this result is not new and can be found for instance in [TTJ , we include a proof because 
its method will turn out to be useful later on. 

Proof. We know that [<fr£] is a diffeomorphism, and therefore it only remains to show that the 
symplectic 2-form t^I^q/g + * s pulled back to w p under this map. We use the fact that 

uj^ is uniquely determined by i^ujQ — n^Lu^, with : J (/j,) — » T*Q the natural inclusion and 
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7Tp : J — > M M the projection to the quotient space. Due to the uniqueness property, it is 
therefore sufficient to show that 

*Mn<UQ/G + <B ll ))=? tl UQ. (2) 

We will slightly reformulate this condition, by using the fact that i*0Q = (<?^)* («o(#Q + n Q^)) 
and [<f>£] ott m = 7T° o 0.4. 

(7rO)*(7r^ Q/G + 7r£B„) - ^S(^Q + TqAO (3) 

The latter equality follows easily from the properties of the maps involved: we have that (i) (7r 2 o 
7r°)*B iU = (ttq o i )*<U„ and (iij (tti o 7r£)*0 Q/G = igflg hold. □ 

The above description of cotangent bundle reduction can be seen as a special case of the more 
general result stating that if two symplectomorphic manifolds are both MW-reducible for the same 
symmetry group and have compatible actions, then the reduced spaces are also symplectomorphic. 
More specifically, given two symplectic manifolds (P, f2) and (P',0') and a symplectomorphism 
/ : P — ► J", i.e. = 0. We assume in addition that both P and P' are equipped with a 

canonical free and proper action of G. Let J : P — > g* and J' : P' — > g* denote corresponding 
momentum maps for these actions on P and P' respectively. We say that / is equivariant if 
f(Pd) = fip)9 f° r arbitrary p G P, 5 G G. Note that the non-equivariance cocycles for J and 
J' arc equal up to a coboundary. Withouth loss of generality we assume f* J' = J and that the 
non-equivariance cocycles coincide. This in turn guarantees that the affine actions on g* coincide 
and that the isotropy group of an element /j 6 9* coincides for both affine actions. Finally, fix a 
value /i G g* of both J and J'. 

Theorem 5. If f is an equivariant symplectic diffeomorphism P — > P' such that J' = J o f , then 
under MW -reduction, the symplectic manifolds (P M ,fi M ) and (P',f2') are symplectically diffeomor- 
phic under the map 

[/j : p M - p; ; bK ~ [/(f>)kv 

Proof. This is a straightforward result. Since / is a diffeomorphism for which J' = Jo/, the 
restriction / M of / to J^ 1 (^i) determines a diffeomorphism from J^ 1 (^l) to J' _1 (^i). The equivariance 
implies that / M reduces to a diffeomorphism from P M = J~ 1 (p)/G,_ L to P^ = J'~ 1 (n)/G IJ/ . 
It is our purpose to show that [//J*^ = £^ or, since both 7r M and tt^ are projections, that 
71-*^ = f^(n'*Cl'^j. The determining property for 0^ and 0^ is 77*^ = i*Q (similarly for f2JJ. 
From diagram chasing we have that i* £1 = f*(i'*Q'). Then 

since 7r' o / m = o 7r M by definition. This concludes the proof. □ 
2.3 Tangent bundle reduction 

We start by recalling the symplectic formulation of Lagrangian systems on the tangent bundle TQ 
of a manifold Q, and its relation to the canonical symplectic structure on T*Q through the Legendre 
transform. Next, we shall consider Lagrangians invariant under the action of G, and study a general 
Marsden-Weinstein reduction scheme for such systems. 
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Definition 1. A Lagrangian system is a pair (Q,L) where Q is called the configuration manifold 
and L is a smooth function on TQ. A Lagrangian system (Q,L) is said to be regular if the fibre 
derivative ¥L : TQ — > T*Q;v q > ¥L(v q ) is a diffeomorphism. The map ¥L is called the Legendre 
transformation and is defined by 

(¥L(v q ),w q )= | 

for arbitrary v q ,w q £ T q Q. 

Definition 2. Given a free and proper action "J" of G on Q, then a Lagrangian system (Q, L) is 
said to be invariant if L is an invariant function for the lifted action {v q ,g) t— > T^ g (v q ). 



L(v q + ew q ), 



Given a regular Lagrangian system (Q,L), one can define a symplectic structure on TQ by using 
the Legendre transform: we denote the 2-form on TQ obtained by pulling back loq under FL, by 
J7q = (¥L)*uiq. We will only consider regular Lagrangians throughout this paper. The following 
results are standard. 

Theorem 6. The lifted action T^ of G on TQ is a canonical action for the symplectic mani- 
fold (TQ,D,q). A momentum map is given by J f — J o¥L : TQ — ■> g* , and Jl is equivariant 
w.r.t. to the coadjoint action on g* . Furthermore the Legendre transformation is an equivariant 
symplectomorphism between the symplectic manifolds (TQ,CIq) and (T*Q,ujq). 

The above theorem guarantees that Theorem[S]is applicable. We are now ready to draw the diagram 
in Figure [2 with \i G g*. 



(TQ, Qq) 



MW-red 



7L 



(T*Q,to Q ) 



MW-red 



\¥L U 



(J-^/G^) 



(T*(Q/G) x Q/G„ itIujq/g + vr 2 *6 M ) 



Figure 2: Diagram relating tangent and cotangent reduction 



Next, we will show that the manifold J7 1 (fx) / G M is diffeomorphic to the fibred product T(Q/G) x 
Q/Gp if L satisfies an additional regularity assumption. Lagrangians satisfying this condition are 
called G-regular. We shall compute the map [<f>"£\ ° pFL M ] and show that it coincides with a Legendre 
transform for a function defined on T(Q/G) x Q/G^. This fact will eventually allow us to show 
that the reduced symplectic spaces are again originating from a Lagrangian system on Q/G^. The 
Lagrangian of this 'reduced' Lagrangian system is precisely the Routhian known from classical 
Routhian reduction. 

We use the fixed connection A on Q to identify TQ/G with the bundle T(Q/G) x g in the standard 
way. This identification is obtained as follows: let [v q ]g £ TQ/G be arbitrary and fix a repre- 
sentative v q £ TQ. The image in T(Q/G) x q of [v q ]a is defined as the element (Tn(v q ),i;) with 
7r : Q — > Q/G and £ = [q, A(v q )]Q £ g. This map is invertible and determines a diffeomorphism 
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(see for instance [3]). To define the inverse: let (v X) £) be arbitrary in T(Q/G) x g, and consider 
the tangent vector v q — (v x ) q + at q G tt^ 1 (x), with (v x )g the horizontal lift determined by 

A and £ such that £ = [(?,£]g- The inverse of ("u^,^ is the orbit [v q )c G TQ/G (the latter is well 
defined: one can show that it is independent of the point q, see also [3]). 

Completely analogous one can show that TQ/G^ is diffeomorphic to T(Q/G) x Q/G^ x g. Indeed, 
let [v q ]a ll G TQ/G^ be arbitrary and fix a representative w g G TQ, then the image of [v q ]a ll is 
defined by (ux,fv(?)> £)> with Ttt(v q ) = v x and £ = [g, A(v q )]g (recall that p M : Q — > Q/G M ). The 
construction of the inverse map uses the previous diffcomorphism and consists of three steps. Let 
G T(Q/G) x Q/G^ x g be arbitrary. First, we consider the element [u 9 ]g m TQ/G which 
is the inverse of (w x ,£) G T{Q/G) x g. Secondly, we take a representative v q of [u 9 ]g at a point 
g G Pu (y)- And finally, we consider [dJ^. It is not hard to show that this inverse is well-defined 
(i.e. independent of the chosen representative v q ). 

An invariant Lagrangian L determines a function on the quotient TQ/G, and under the iden- 
tification determined above, a function I on T(Q/G) x g. We define the fibre derivative ¥d : 
T{Q/G) x fl -» T(Q/G) x ~q* by 



Definition 3. yln invariant Lagrangian L is said to be G-regular if the map ¥d : T(Q/G) x g 
T{Q/G) x q* is a diffeomorphism. 



We remark here that according to the previous definition, G-regularity depends on the chosen con- 
nection A. However, we mention here that G-regularity can alternatively be defined as a condition 
on L directly. We refer the reader to [9] for a detailed discussion on G-regularity. 

A momentum value [i determines in the quotient spaces a mapping fx : Q/G^ — > g* as follows: let 
y G Q/Gfj, be arbitrary 

(A(i/),f> = </*,0, 

with £ the unique representative of £ — [g, £]g at a point q G Pu (y)- Recall that p^ denotes the 
projection p^ : Q — > Q/G^. Due to the identification TQ/G^ = T(Q/G) x Q/G^ x g the manifold 
Jff 1 (fx) / G n is a subset of T(Q/G) x Q/G M x g. In the following lemma we characterize this subset 
in terms of fx and Fd. 

Lemma 1. There is a one-to-one correspondence between J£ 1 (/x)/G ll and the subset ofT(Q/G) x 
Q/G^ xg determined as the set of points (v x ,y,Q that satisfy the condition F|-Z(i? x ,£) = (v x ,jl(y)). 

Proof. Consider a point [« g ]c in J^ 1 (/x)/G M and let v q be a representative. Then, by definition, 
Jl{v q ) = and since L is invariant, we have L(v q ) — l(v x ,£), with (i> x ,0 the element in TQ/G = 
T(Q/G) x g corresponding to [w 9 ]g- Using the definition of the momentum map Jl, we obtain 

l(v x ,i+efi) = (F^(^,|),(^,r))}, 

o 

with = [g, ?7]g. □ 



{J L {v q ),ri) 



de 



L(v q + eip q {r))) 



de 
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Lemma 2. Let L be G-regular invariant Lagrangian. Then there is a diffeomorphism between 
J^ 1 (^)/G M and T(Q/G) x Q/G^. 

Proof. We define a map J£ 1 (fi)/G fl — > T(Q/G) x Q/G^ and its inverse. Let [« 9 ]g„ S J^ L 1 (fi)/G fi , 
with w 9 G J^ 1 ^) a representative at q. We again use the fixed connection A on Q, and we introduce 
the maps: 

Pi(MgJ :=T7r(Wg), P2(MgJ := Ps(K]g J :=[<?, ^K)] G , 

with 7r : Q — » Q/G andp M : O; — > Q/G^. These maps £11,2,3 are simply the restrictions to J^ 1 (/x)/G /J 
of the projections on the first, second and third factors in the product T(Q/G) x Q/G^ x q. It is 
easily verified that {p\,j>2) ■ JZ 1 (p)/G» ~^ T(Q/G) x Q/G M is smooth. 

We now define the inverse map ip^ of {jpi,p2)- Let (v x ,y) G T(Q/G) x Q/G^ be arbitrary and 
define the element £ € g x such that £) = (F|/)~ 1 (w 2; , (here we use the condition that L is 

G-regular). Now consider the tangent vector v q = [v x )g + <p q (£,), where £ is such that £ = [g, £]g 
and q G PZ (v)- By construction we have on the one hand that Jl{v q ) = /i and on the other hand 
(Pi.PaXKlcj = (vx,y)- □ 

Combined with Figure [H we can now draw the diagram in Figure [3] below. 

FL 

(TQ,Q%) - {T*Q,oj q ) 



MW-red 



MW-red 



[<]o[FZ,„]o^ 

(T(Q/G) x Q/G„,%) * (T*(Q/G) x Q/G„, 7rfw Q/c + tt 2 *B m ) 

Figure 3: Diagram relating tangent and cotangent reduction for G-regular Lagrangians 

There is an interesting local criterium for a Lagrangian L to be G-regular. We say that L is locally 
G-regular if given a point [vq]g in (m)/^>> there is a neighborhood t7 of [Uq]G„ such that the 
restriction (pi,P2)|c/ is a diffeomorphism from U to its image (pi,P2)(f )■ 

Lemma 3. An invariant Lagrangian L is locally G-regular if one of the following two equivalent 
conditions hold: 

1. T{ ((j,)) © Vj-i^tf — Tj-i(^{TQ), with Vip C Vtq C T(TQ) defined as the set of tangent 
vectors of the form (<fq(0)Z = £,Q( v q)> C € 9 arbitrary, where £q is the fundamental vector 
field of the action on Q corresponding to £, and - v denotes the vertical lift TQ x TQ —> T(TQ) . 



2. The 'vertical' Hessian of I, defined as 



d 2 l 

D l(v x ,£)(fj,ij') ■= -q^(v X: £ + erj + efi')\ e=t , =0 



for v x G T(Q/G) and £, 77, ff G Q x , is invertible. 



11 



Proof. Note that for all v q £ J^ 1 ( / u), 

dim.T Vg (J£ (fj,)) + dimVip(v q ) = (dim TO; - dimg) + dimg = &imT Vq (TQ). 

The direct-sum decomposition in (fTJ) is therefore equivalent to the statement that T(J£ (fj,)) n 
Vj-i^ip = 0. We will now prove that this is equivalent to the vertical Hessian of I being invertible. 

Assume that the intersection T(J^ 1 (/i)) (~l Vip contains a non-zero element. Such an element is 
necessarily of the form (^Q) v (v q ), where £ S g and £ 7^ 0. Expressing the fact that this element is 
contained in T(J^ 1 (/x)) implies that for every 77 € fl, (T 'Jl((€q) 1 '{v q )),T}) = 0. This can be made 
more explicit as follows: 

<TVl((£q)> 9 )),77) = + W0)fa)[ =0 

as ; s=o 
= D 2 l(v x ,0(lrj), 

where we have decomposed v q in its vertical and horizontal parts as v q = (v x ) q + <p q (Q. Since 
this holds for every r\ G g, we conclude that (£Q)"(v g ) is contained in the intersection T(J£ (/j,)) n 
Vj-i/ \<p if and only if the associated section £ is in the null space of D 2 l(v x ,Q. Hence, the two 
statements in Lemma [3] are equivalent. 

If D l(y x ,£) is invertible, then via the implicit function theorem, the reduced Legendre transfor- 
mation is locally invertible. The method of proof of the previous Lemma [2] can be used to show 
that, locally, (piiPz) is invertible. □ 

Note in passing that if the given L is a mechanical Lagrangian, i.e. it is of type kinetic minus 
potential, then L is G-regular if the locked inertia tensor, defined by the restriction of the kinetic 
energy metric to the fundamental vector fields (see e.g. [13]), is non-degenerate. In our language, 
the 'reduced' locked inertia tensor coincides with D 2 l x : g — > g* in the following sense: 

D 2 l x (lfj) = J{q){t,rj), 

with £ = [q, £]g and fj — [o,^]g arbitrary. 

3 Routhian reduction 

In this section, we make a start with Routhian reduction. We consider a Lagrangian L : TQ — > M 
which is invariant under the action of a Lie group G and as before we consider a connection A in 
the bundle 7r : Q — > Q/G. Furthermore, let fx £ g* be a fixed momentum value, and define the 
function as = L — A^ (recall that A^ : TQ — s- K. is the connection 1-form contracted with 
fi G g*). By definition R^ is G M -invariant and in particular, its restriction to (fj,) is reducible to 
a function [R^] on the quotient J£ (fj^/G^. In turn, we denote the function on T(Q/G) x Q/G^ 
corresponding to [R»] by W 1 , i.e.K» = The function 7^ is called the Routhian. 
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We begin by reconsidering some aspects from the reduction theory of tangent bundles, which we 
relate to the geometry of the Routhian. Recall from the diagram in Figure[3]that we may write the 
symplectic 2-form fi M obtained from MW-reduction as 

([#] o [¥Lfj] o (ttJwq/g + tt 2 *B m ) . 

Lemma 4. The map [cf>^]o[W L ^]oip ^ is the fibre derivative of the Routhian TV* , i.e. for (v x , y), (w x , y) 6 
T{Q/G) x Q/G M arbitrary 



(([^]o[¥L^]o^)(v x ,y),(w x ,y)) = ^ 



W{v x + ew x ,y) =: (¥TZ"(v x ,y),(w x ,y)). 



Proof. Fix elements {v x , y) 6 T(Q/G) x Q/G^ and fix a v q <E J L that projects onto ip^Vx.y). 
By definition of the maps involved, we have 

([<] o pFL M ] o^)(^,y) = (tt° o<tf)(FL(v 9 )) = 7r°(FL(«,) - ^(?)). 

Fix a curve e i— > £(e) in J^ 1 (/i) that projects onto the curve e i— > ip^x + ffi, y) in J^ 1 (/i)/G At and 
such that £(0) = u g and £(0) is vertical to the projection tq o i^ : J£ (fx) — > Q. The existence of 
such a curve is best shown using Lemma[3]and some coordinate computations. For that purpose, fix 
a bundle adapted coordinate chart on Q — > Q/G, and let (x l ,g a ) denote the coordinate functions 
with i — 1, . . . ,dimQ/G and a = 1,. .. ,dimG. From Lemma[3J where it was shown that TJ£ (fj,) 
is transversal to Vip, we deduce that (x 1 , v -1 , g a ) are (local) coordinate functions for J£ 1 (fi), with 
(a; l ,i/) a standard coordinate chart on T(Q/G) associated to (x l ) on Q/G. In this coordinate 
chart we put v q = (x 1 ,Vq, g$) and w x = (xq,u>q), and we define the curve £(e) to be the curve 
e i— > (xq,?;q + £Wq,5q). Then the tangent to £ at e = is the vertical lift of some w q S TjjQ with 
T-K{w q ) = w x . 

Finally, from the definition of TV 1 , 



d 
1c 



Tl^{v x + ew x ,y) = ^ 



(L(C(e)) - ^(C(e))) = (FL(w g ) - ^.(g), «;,). 



Since ¥L(v q ) — A^(q) S T^°7r, the right-hand side of this equation can be rewritten as a contraction 
with (w x ,y): 

K^v x + ew x ,y) = (i^(WL{v q ) - A^{q)),(w x ,y)}. 

e=0 



de 



This concludes the proof. □ 
The above lemma allows us to compute the reduced symplectic 2-form on the manifold T(Q/G) x 

with 7T2 : T(Q/G) x Q/G^ — > Q/G M . In order to complete the symplectic reduction we now study 
the energy- function (this is the Hamiltonian function for the Euler-Lagrange equations). Recall 
that the energy El corresponding with the Lagrangian system (Q, L) is the function on TQ defined 
by E L (v q ) = (¥L(v q ),v q ) — L(v q ), for v q S TQ arbitrary. The energy for the Routhian W 1 is defined 
by 

Ew («»,») = 0^" («» , y) , {v x , y)) - W (v x , y) , 
with (v x ,y) e T(Q/G) x Q/G M arbitrary. 
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Lemma 5. The energy E-rv is the reduced Hamiltonian, i.e. it satisfies: 

((Pi)Pa) ° K^yE^ = i*ftE L , 
with 717, : Jl 1 ((J,) — » Jj^ and i p : J£" (/x) — > TQ. 

Proof. Let u g e J~£ x [ji), such that ((pi,p 2 ) = ( v x,v)- Then 

i*^L(«,) = <FL(« g ),«,)-L(i;,) 

- ( ( [#] o [FL M ] o ^) (« a , y ) , (» B , y) ) - K»(v x , y) . 
Using Lemma [4] this concludes the proof. □ 

We end this section with some additional definitions in order to interpret the MW-reduced system 
as a Lagrangian system (we also refer to [9]). For that purpose consider a manifold M fibred over 
N with projection k : M — » N. Roughly said, a Lagrangian L with configuration space M is said 
to be intrinsically constrained if it does not depend on the velocities of the fibre coordinates of 
k : M — > N. This is made more precise in the following definition. 

Definition 4. A Lagrangian system {M, L) on a fibred manifold k : M — > N is intrinsically 
constrained if L is the pull-back of a function L' on TmN — TN Xjv M along the projection 
TM — > TmN . 

For notational simplicity we will identify L with L' . If we fix a coordinate neighborhood (x l ,y a ) 
on M adapted to the fibration, we can write the Euler-Lagrange equations for this system. The 
fact that the Lagrangian is intrinsically constrained is locally expressed by the fact that L(x,x,y) 
is independent of y, and the Euler-Lagrange equations then read: 

d (dL\ dL dL 

dt\d¥)-d^ = ^ »=1.->»««1^ = °. a=l,...,k. 

The latter k equations determine constraints on the system. We now wish to write these equations 
as Hamiltonian equations w.r.t. a presymplectic 2-form on TmN. For that purpose, we associate 
to the Lagrangian L : TmN -»Ia Legendre transform WL : TmN — > Tj^N . The definition is given 
by, for (v n ,m), (w n ,m) € TmN arbitrary 

L(v n + ew n ,m), 

e=0 

In coordinates ¥L(x l , x l , y a ) simply reads (x' l ,dL/dx i ,y a ). Finally, if we write the projection 
TtrN — > T*N; (a n ,m) — > a n by kx, then it is not hard to show that the pull-back to TmN of 
the canonical symplectic form lon under the map k,\ oFL : TmN —> T*N determines a presymplec- 
tic 2-form, locally equal to 




(¥L(v n ,m), (w n ,m)) 



de 
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Wc define the energy as the function 



E L : T M N -» R; {v n ,m) -> (¥L(v n ,m), (v n ,m)) - L, 
and the solutions m(t) to the Euler-Lagrange equations solve the equation 

o FL)*un = -dE L )\ 7 
with j(t) = (h(t),m(t)) and n(t) = K(m(t)) (see also [5l|6]). 

If the original intrinsically constrained Lagrangian system (M, L) is non-conservative with a gyro- 
scopic force term, i.e. a 2-form [3 on M is given and the force term is the function TM — » T*M; v m > 
—i Vm Prm then the Euler-Lagrange equations of motion are Hamiltonian w.r.t (pre)-symplectic form 
(«i o ¥L)*lun + and with Hamiltonian El: 

(u, ((«i o ¥L)*uj n + k* 2 [3) = -dE L )\^ . 

Here K2 denotes the projection to the second factor in TmN, i.e. K2 : Tj^N — > M. In the case of 
Routhian reduction, the reduced space is of this type: the total space corresponds to Q/G^ and 
the base space TV to Q/G. 

Theorem 7. Given a G '-invariant, G '-regular Lagrangian L defined on the configuration space Q. 
Then the MW-reduction of the symplectic manifold (Q,Ql) for a momentum value Jl = ^ is the 
symplectic manifold 

(T(Q/G) x Q/Gft, (FTV)' {^ Q/G ) + 7f*£ M ) . 

The reduced Hamiltonian of E^ is the energy E^i . The equations of motion for this Hamiltonian 
vector field are precisely the Euler-Lagrange equations of motion for an intrinsically constrained 
Lagrangian system on Q/G^ — > Q/G with Lagrangian 1Z 11 and gyroscopic force term determined by 
the 2-form £> M on Q/G M . 

It is remarkable that the 2-form £> M is such that the presymplectic 2-form (F7£ M )* (-kIujq/g) +7f2^) 
is symplectic. A next step in Routhian reduction would be to identify as a 2-from which is built 
up o.a. out of the curvature of A and a nondegenerate part on the fibres of Q/G^ — > Q/G. Since 
this is not the scope of this paper, we refer the reader to [51 [TB], 

4 Quasi-invariant Lagrangians 

In this section we study a possible generalization of the Routhian reduction procedure to quasi- 
invariant Lagrangians. We refer the reader to [10] and references therein for further details on 
quasi-invariant Lagrangians. We assume throughout this section that Q is a connected manifold, 
which ensures that given a function / for which df = implies that / is constant. 

4.1 Quasi-invariance and cocycles 

We begin by defining what it means for a Lagrangian to be quasi-invariant under a group action. 
We then show that the transformation behaviour of a quasi-invariant Lagrangian induces a certain 
cocycle on the space of 1-forms, and we study the properties of this cocycle. 
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Definition 5. A Lagrangian system (Q,L) is quasi-invariant if the Lagrangian satisfies 

(T* g yL(v q ) = L(v q ) + {v q ,dF g {q)), 

with v q arbitrary and for some function F : G x Q — > BL We denote a quasi-invariant Lagrangian 
system as a triple (Q,L,F). 

Clearly, the function F is not arbitrary: from the fact that W defines a right action it follows that 
{T^ gh )*L = ((T* 3 )* o (TV h )*)L and one can see that dF : G -> X*(Q) should define a group 
1-cocycle with values in the G-module of 1-forms on Q, i.e. for g\, g 2 G G arbitrary 

V* gi dF g2 - dF gig2 + dF gi = 0. 



Consider the map / :gxQ->R defined by 

A 

F(expe£,g). 



'«■«>-! 



£=0 



Clearly, / is linear in its first argument, and thus determines a map Q — > q* which is denoted by 
the same symbol. We now define a 1-cocycle with values in g*. 

Lemma 6. The map 

o F : G - fl * : g ~ Ad* g ^f( q ) - (q) + Ad* g -, {<p* {dF g -, (q))) . 

does not depend on the chosen point q and determines a group 1-cocycle with values in q* . 

Proof. We first show that the differential of 

Q -> fA dg dQ) Kfdl) + ((Ad g H) Q (q),dF g (q)) 

vanishes for arbitrary (eg. This implies that the above definition of o F does not depend on the 
chosen point q. 

We start from the cocycle property of the map g i— > dF g , i.e. we have ^* 1 dF 92 — dF gig2 + dF gi = 0. 
Let g\ = g and g 2 = cxp e£, and take the derivative at e = 0, then 



dF gelC pe£ 0. 

£=0 



To compute the second term we again use the cocycle property with g\ = g(expe£,)g 1 ,(?2 = .9, 
i.e. dF g cxp £^ — dF( e xp eAd g $) g = ^txpeAdgtdFg + dF expe Ad g £- The derivative with respect to e at 
equals 

dF gcxpe( (q) =d(((Ad g Z) Q ,dF g )) {q)+df Adg( . 

^ £=0 

We conclude that the map {a F (g),£) = fAd g -^{q) ~ **_i/t(q') + {(Ad g -i£) Q (q), dF g -i (q)) is inde- 
pendent of q and therefore well-defined. From straightforward computations it follows that it is a 
group 1-cocycle with values in g*: for (71,172 arbitrary 

Ad* ia F (g 2 ) - o- F {g\g2) + o- F (gi) = 0. 

9l 

This concludes the proof. □ 
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This 1-cocycle induces a g*-valued 1-cocycle on the Lie-algebra, given by 



e^-ad|/ + e Q (/)-^(rf/ ? ); 

and hence also a real valued 2-cocycle £/(£, 77) = £q(J v ) — VQ(fi) ~ f[£,rj\- This is the cocycle used 
in the infinitesimal version of quasi- invariant Lagrangians discussed in for instance [10] . If only an 
infinitesimal action is given, i.e. a Lie algebra morphism g — > X(Q); £ 1— * £q; or by complete lifting, 
an infinitesimal action on TQ, then the above definition of 1-cocycle of corresponds infinitesimally 
to S/. It is often easier to compute £/ instead of o~f in examples, see section [5] 



4.2 The momentum map 

As mentioned in the introduction, Noether's theorem is applicable to quasi-invariant Lagrangians 
as well: for each Lagrangian that is quasi-invariant under a group action, there exists a momentum 
map which is conserved. In this section, we study the properties of this momentum map, with a 
view towards performing symplectic reduction later on. 

We begin by investigating the equivariance of the Legendre transformation. 

Lemma 7. Let (Q, L, F) denote a quasi-invariant system. Then, for 3 G G arbitrary, the Legendre 
map FL transforms as 

FL(T* g (v q )) = T*9 g -t (FL(v q ) + dF g (q)) = T* <F g -i (FL(v q )) - dF g -,{qg). 

Proof. To show this equality, fix an clement w qg G TQ, and let w q = T^ g -i {w qg ). Then, by 
definition of the fibre derivative, 



(w qg ,FL(T* g (v q ))) = I 

d_ 

~ de 



MTV g (v q ) + ew qg ) 

(L(v q + ew q ) + (v q + ew q , dF g (q))) 



e=0 

= (w qg ,T** g -i(FL(v q )+dF g (q))). 

From ^*(dF g -i) = —dF g (let 31 = 3,32 = 9 in the cocycle identity for dF) we have the property 
that T*^/ g -i(dF g (qj) = —dF g -i(qg) for q G Q and g G G arbitrary. This concludes the proof. □ 

The above lemma justifies the next definition. 

Definition 6. Let (Q. L, F) denote a quasi-invariant Lagrangian system. Then we define a right 
action on T*Q as follows. For a q G T*Q arbitrary, we put: 

**s, B {<*i) = T*^ g -i K + dF g {q)) = T** 9 -i (a q ) - dF g -t (qg). 
We say that ty^e is the affine action on T*Q associated to the 1-cocycle dF. 

We should check that the affine action is well defined. For that purpose, we need to verify that for 
31, 32 arbitrary 

T**( gig2 )-i(a q +dF gig2 (q)) =T** g ^ (V* g -,{a q + dF gi (q)) + dF g2 (q 9l ] 
This is a straightforward consequence from the fact that dF is a group 1-cocycle. 
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Lemma 8. Let (Q, L, F) denote a quasi-invariant Lagrangian system. Then, 



1. the lifted action is a canonical action for the symplectic structure (TQ, Qq); 

2. the map j[ = ip* o FL - r Q / : TQ -> g* is a momentum map with non-equivariance cocycle 
gf and the energy El is an invariant function on TQ; 

3. the affine action \l/ a ff is a canonical action for the symplectic structure (T*Q,ujq); the map 
Jf — ip* - 7Tg/ is a momentum map with non-equivariance cocycle a F ; 

4- FL is a symplectomorphism between (TQ,Qq) and (T*Q,U!q), and is equivariant w.r.t. to 
the lifted action on TQ and the affine action on T*Q associated to dF. 

Proof. The affine action on T*Q acts by symplectic transformations, i.e. from local computa- 
tions it follows that 

{* &s , g ye Q = 6 Q +K* Q dF g . 

Together with Lemma [3 i.e. FL o T* g = * af f !9 o FL, assertions Q and igj follow: 

{T^ g )*n L Q = d(FL o T^ g )*6 Q = FL*dV* aS J Q = il L . 
The latter equality holds since 9q is invariant under the affine action up to an exact form. 

To show that Jjf is a momentum map we use an argument involving coordinate expressions. Let 
(q l ),i = 1, . . . , dim Q denote coordinate functions on Q, and let (<f , q % ) be the associated coordinate 
system on TQ. Then it is not hard to show that 



dL\_df i de Q dL 



dq 1 J dq 1 dq 1 dqi ' 



holds, with j = l,...,dimQ and £q the coordinate expression of £q: £q = £q<9j- From some 
tedious computations it follows that 

Htq^q — ~dJ^ 

for £ G q arbitrary. We now compute the non-equivariance cocycle of j[. Fix any ( £ g and 
v q G T q Q, then 

(4(T9 g (v q )),Z) = <FL(T* fl (« 9 )),p M (0> -h<M9) 

= (T* V 1 ( ¥L M + dF g {q)),T^ g { Vq {Ad g C))) - Mqg) 

= (FL(v q ), Vq (Ad g O) - fA dg6 (Q) + (fAdAti ~ fdvg) + (dF g (q),<p q (Ad g Q)) 

= (Ad g j f L ( Vq ),o + (Mg- 1 ),0- 

Finally, the fact that the energy is invariant easily follows from Lemma[7J and from this we conclude 
that © holds. 

Since FL is a symplectic diffeomorphism and since J-^oFL = j{, we conclude that J? is a momentum 
map with cocycle o~p. This proves ([3]). □ 
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The above lemma ensures that the equivariance conditions for Thcorem[5]arc satisfied. In that case 
we can study the MW-reduction and the structure of the corresponding quotient spaces. If these 
quotient spaces are 'tangent and cotangent bundle like' we shall say that the MW-reduction is a 
Routhian reduction procedure. 

Following Theorem[5]we have that the reduced Legendre transformation [FL M ] is a symplectic diffeo- 
morphism relating the symplectic structures on (j[)~ 1 ([i)/G tl and (J^)~ 1 (/i)/G M . The subgroup 
G M is the isotropy subgroup of the affine action of G on g* corresponding to the 1-cocycle a F . 
We now study the structure of the reduced manifolds (j/) _1 (^)/G M and ( J^) _1 (/i)/G M , and their 
respective symplectic 2-forms. 

Let A be a principal connection with horizontal projection operator TQ — > TQ : v q i— ► v q :— 
v q — (p q (Aq(v q )). Similarly, we can restrict a covector a q to horizontal tangent vectors: T*Q i— > 
T*Q : a q i— > a g , with {v q ,a q ) = (v q ,a q ). Note that = a q — (A* o <p*)(a q ). The covariant 
exterior derivative (see [5]) of a function A on Q is denoted by DX and is defined pointwise as 
DX q = dX q . We first study the symplectic structure of (jf)~ 1 (n)/G fl . Similar to the invariant 
situation, we contract the connection 1-form on the Lie-algebra level with fi + f to obtain a 1-form 

*4£ = ?^ (i* + /(<?)> A) on Q- 

Lemma 9. Consider a quasi-invariant Lagrangian system (Q, L, F), for which there exists a prin- 
cipal connection A such that DF g = 0, for arbitrary g £ G. Then, 

1. the 2- form dAj[ is invariant under the action of G M on Q and is projectable to a 2- form on 
Q/G^ denoted by Bl; 

2. there exists a symplectic diffeomorphism 

[4fr f \ ■■ ((J'T^/G^) ~> (T*(Q/G) x Q/G^Ivq/g + 

Proof. For the proof of both statements we rely on the following identities, for g £ G M and q £ Q: 

A* qg = T** g - 1 oA* q oAd;- 1 
(i = Ad* g -iH + a F {g) 

Ad;-if(qg) = /(g) - (Ad*-i o y* g ){dF g -,{qg)) + a F (g) 

[T] The first statement is proven if we can show that A^ is invariant under G M up to an exact 1-form. 
Thus consider any element q £ Q and g £ G^, then 

(^AlM = + f(qg) ) Ad g - 1 ■ A q ) 

= ((/x - a F (g)) + (/(g) - (Ad*^ o ^(dF,-* (qg)) + a F (g)),A q ) 

= (Al)(q)+dF g (q). 

The latter equality holds because dF g (q) = DF g (q) = 0. To show that the 2-form is projectable, 
we prove in addition that i^ Q dA^ = 0. This follows on the one hand from C^A^ = df^ which is 
obtained using the previous equation with g = exp e£, and on the other hand from C^ Q = i^ Q d+di^ Q : 

t iQ dAi^C 6Q Ai-df i = 0. 
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O Similar to the case of an invariant Lagrangian system we relate (J^)^ 1 (/Lt) with V°ir by means 
of the connection: <j>A>f : (J-f) _1 (^) — > V°n;a q i— » a q — A* q {^ + f{q)). The next step is to study the 
affine action of G^ on (J-^) -1 ^) through this diffeomorphism. Let g G G M , and a q G (J^) _1 (/z), 
then 

^(t**^ K + ^(g))) = + «^(9)) - 4> + /(</<?)) 

= t*^- 1 K - A > + /(?)) + 

We conclude that is equivariant w.r.t the affine action on and the standard lifted 

action on T*Q restricted to V°ir if the condition DF g = holds. The reduced map is denoted 
by and maps (Jf)~ 1 (n)/G ll to T*(Q/G) x Q/G^. The fact that it is a symplectic map the 

follows from analogous arguments as in the invariant case. □ 

4.3 The reduced phase space 

We are now ready to take the final step towards a Routhian reduction procedure for quasi-invariant 
Lagrangians. It concerns the realization of (J^) _1 (/i)/G Al as a tangent space T(Q/G) x Q/G^. We 
therefore reintroduce G-regular quasi-invariant Lagrangians. It should be clear that the definitions 
here are also valid in the strict invariant case. Let = L — At denote the 'Routhian' as a function 
on TQ. We first show that it is G M -invariant. For that purpose let g £ G M and v q £ T q Q, then 

R»(T* g (v q )) = L(v g ) + (dF g (q) 7 v q ) - ((%Al)(q),v q ) 
= L(v 9 ) - (j4f{q),v q ) = R»(v g ). 

We know from the strict invariant case that TQ/G^ can be identified with T{Q/G) x Q/G^ x g. 
Let us denote denote the function on the latter space obtained from projecting R^. We now 
define the fibre derivative F^K^ of 5R P w.r.t the g-fibre: 

W(v x ,y,£+ef)), 
with 6 T(Q/G) x Q/G^ x g and 77 e q x arbitrary. 

Definition 7. Let (Q,L,F) denote a quasi-regular Lagrangian system. We say that the system is 
G-regular if the function F^5R M : T(Q/G) x Q/G^ XQ — > T(Q/G) x Q/G^xg* is a diffeomorphism. 

It is not so hard to show that there is a one-to-one identification with ( J^) _1 (/i)/G M and the set 
of points {v x ,y,t;) in T(Q/G) x Q/G^ x g for which ¥^W(v x , y, £ ) = (v x ,y,0). We consider the 

map (pi,P2) ■ ( j/) _1 (/i)/G Al — > T(Q/G) x Q/G^ taking a point [v q ]c to the first two factors of the 
corresponding point (T7r(w g ),p /i (g), [q, A(v q )]c) in the fibred product T(Q/G) x Q/G^ x g. 

Lemma 10. // (Q, L, F) is a G-regular quasi-invariant Lagrangian system, then the mapping 
(pi,P2) '■ (>^l) 1 (/ i )/G M — > T(Q/G) x Q/G^ is a diffeomorphism with inverse tp^. 

The proof is completely analogous to the proof of Lemma [2j the inverse of (v x , y) is defined as the 
point in (j[y 1 (^)/G„ that corresponds to (f M^)- 1 ^, y, 0) in T(Q/G) x Q/G^ x g. Let [R»} 



<F^( WiC ,y, 2/, *?)> = £ 
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denote the quotient of the restriction of to {J L ) 1 (a<)- Similar to the previous case we define 
W 1 to be function on T(Q/G) x Q/G M such that (pi,p 2 )*(W) = [R M ]- Note that W" could also be 
obtained by K»{v x ,y) = y,£), with {v x ,y,i) = (F^)" 1 ^, y, 0). 

Lemma 11. Let (Q,L.F) denote a G-regular quasi-invariant Lagrangian system and let A be a 
principal connection such that DF g = 0. Let /i denote a value of j[. Then 

1. the map {(j)^^} o [¥L^] o ip^ is the fibre derivative of HP; 

2. the energy of HP is the MW-reduced hamiltonian of the energy El on the symplectic manifold 

The proof is again completely similar to the proof of Lemma's 0] and [5] We conclude that the MW- 
reduction of a G-regular quasi-invariant Lagrangian L is again a 'Lagrangian' system on the manifold 
T(Q/G) x Q/G/j,, with Lagrangian HP: the symplectic structure is of the form (F7?. p )* (ttIujq/g) + 

Theorem 8. Let (Q,L,F) denote a G-regular quasi-invariant Lagrangian system and let A be a 
principal connection such that DF g = 0. Let fi denote a value of J L . Then the MW-reduction of 
the symplectic manifold (Q,f2i) for the regular momentum value \i is the symplectic manifold 

(t(q/g) x q/g„, m M T(^Q/a) +n®D- 

The reduced Hamiltonian is the energy E^f ■ The equations of motion for this Hamiltonian vector 
field are precisely the Euler- Lagrange equations of motion for an intrinsically constrained Lagrangian 
system on Q/G^ — * Q/G with Lagrangian TV 1 and gyroscopic force term associated to the 2-form 
H on Q G„. 

5 Examples 

5.1 Quasi-cyclic coordinates 

We continue here the description started in the introduction of a Lagrangian L with a single quasi- 
cyclic coordinate. Recall that if (q 1 , . . . , q n ) are coordinates on Q = W 1 and L(q' 1 , q 1 ) is a Lagrangian, 
then we say that q 1 is quasi-cyclic if there exists a function f(q 1 , . . . , q n ) such that 

dL_ = ti df_ 
dq 1 dq 1 

The group G = M acts on R" by translation in q . Since g = K, a principal connection A here 
becomes an ordinary G-invariant 1-form on W l . The infinitesimal version S/ of the definition of the 
cocycle o~f is identically zero, and we can conclude that also uf vanishes. Since the group is abelian, 
we have that G M = G. The quotient space is T(Q/G) and Q/G is labeled by the configuration 
space coordinates (q , . . . , q n ). 

The condition that the system should be G-regular is locally expressed by d 2 L/dq 1 dq 1 ^ and, 
secondly, the condition that there exists a (principal) connection A such that Df — (i.e. df 
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restricted to the horizontal distribution should vanish) boils down to the condition that there 
should exist functions Tk, k = 2, . . . ,n, independent of q 1 , for which 

— =T k {q ,...,q )^- T , fc = 2,...,n. 

This is precisely the condition fl} from the introduction (cf. Theorem 2). The connection A then 
reads A = dq 1 + Y k dq k , with summation over k — 2, . . . ,n. Note that Df = implies that the 
connection has vanishing curvature (the horizontal distribution is involutive because it is annihilated 
by an exact 1-form). Assume now that both of the above conditions hold and keep the value of 
the momentum /i = dL/dq 1 — f fixed. We solve this relation for q 1 by writing q 1 = ip(q k ,q k ), with 
k = 2, . . . , n. The Routhian then is the function 

R^q k ,q k )=L-Ul + f)(q 1 +T k q k ) 1 

where all instances of q 1 on the right hand side have been replaced by the function ip. It now 
remains to compute the 2-form which is the projection of d[(fx + f)(dq 1 + T k dq )]. After some 
straightforward computations in which the condition df h = is used, we obtain 

Bl = ±b + f) dq k Adq°. 



2^^ JJ \dq° dq k y 

The latter is identically zero since the connection has zero curvature due to Df = 0. This also 
follows from the following 

dr k l d 2 f i df d 2 f 



df/dq 1 dq k dq s (df/dq l ) 2 dq k dq s dq 1 
1 d 2 f 1 „ „ d 2 f dT s 

rT h T s 



df/dq 1 dq k dq s df/dq 1 s dq 1 dq 1 dq k 

We conclude that the Routhian reduction for Lagrangian systems with a single quasi-cyclic coordi- 
nate is the Lagrangian system on the reduced space with Lagrangian the Routhian L — A'^. This 
concludes the proof of Theorem [21 



5.2 Functional Routhian reduction 

Our motivation for studying Routh-reduction for quasi-invariant Lagrangians was inspired from 
the reduction technique called functional Routhian reduction used in We will argue here that 
functional Routhian reduction can be seen as Routhian reduction for a quasi-invariant Lagrangian. 
Consider a Lagrangian L of type kinetic minus potential energy define on a configuration space 
(locally) (q , . . . , q 71 ^ 1 , q n ). The coordinate q n was denoted in [5] by 4> and the coordinates q k for 
k = 1, . . . , n — 1 by 9 k . The Lagrangian L is of the form 

L = \ (U, ■:«;'/'</'} - W(6,6,<t>) - V(8,<t>), 

with Mij(9) mass-inertia functions depending only on 9 k and W — (A(</>) / M nn (0))M n k(9)9 and 
V = V fct (6)-i\(<t>) 2 /M nn (6). 
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It should be immediately clear that <j) is not a cyclic coordinate, nor a quasi-invariant cyclic coordi- 

2 



nate. We will however define a 'momentum map' Jr associated to the would-be cyclic coordinate 



j£(0, 0, cf>) = d^L(0, cf>, 0, j>) - A(0) = M kn (9)0 k + M nn {9)<i> - A(0). 

Note that, since A only depends on <j) we may use the standard connection A — dxj) when working 
in a local coordinate system. The Lagrangian L transforms as a quasi-invariant Lagrangian when 
restricted to the level set j£ — 0: 

Strictly speaking this example is not described in the theory outlined above. We hope however that 
it is clear to the reader that is an even more general type of Routh-reduction for quasi-invariant 
Lagrangians that is valid only on a specific level set of the momentum map. The correspondence 
between both techniques is also seen from the fact that in [5] the authors define the functional 
Routhian L f ct as the function 



L fct (9,d) = (L(q i ,q i )-\(<p)<j>) 



J?=0' 



This is precisely the function TV 1 with fi = in our analysis of quasi- invariant Lagrangians. Note 
that all regularity conditions are satisfied and especially the horizontal condition dF' g l — is satisfied 
since A is independent of 9. 



5.3 Charged particle in a constant magnetic field 

In [TU] the example of a charged particle in a constant magnetic field B is studied. The Lagrangian 
for this system is L = ^m(x 2 + y 2 ) + eB(xy — yx). The coordinates x and y are quasi-cyclic, and 
from this we may write that f(x,y) = (—eBy,eBx) £ R 2 =0*. The 2-cocycle S/ is not vanishing 
and proportional to eB. The (infinitesimal) affine action on q* is completely determined by this 
2-cocycle E/ and due to the abelian nature of the group, the Lie-algebra of isotropy subgroup 
C( All . M2 ) is trivial since it is spanned by the kernel of £/. In turn G(^ 1At2 ) = {e}. The conserved 
momenta read: mx + 2eBy — \i\ and my — 2eBx = \i2- Therefore the quotient space is R 2 . 
From the structure of the momenta equations it is immediately seen that the system is G- regular. 
Further the standard connection 1-form A = (dx,dy) T , with trivial horizontal distribution implies 
that Df = df h = 0. Therefore all conditions are met, and the Routhian is then a function on K 2 
depending only on x,y: 

R^ = ^~ ((Ml - 2eBt/) 2 + (ja + 2eBxf) . 
Ira 

The symplectic 2-form is precisely 2eBdx A dy. The Routhian reduced equations of motion the 
read: i^^Bl = dR 1 *, or simply the momenta equations mx + 2eBy = /ii and my — 2eBx = /i2- 

ACKNOWLEDGMENTS 

J. V. is a Postdoctoral Fellow from the Research Foundation - Flanders (FWO-Vlaanderen) , and a 
Fulbright Research Scholar at the California Institute of Technology. Additional financial support 
from the Fonds Professor Wuytack is gratefully acknowledged. B. L. is a part-time honorary post- 
doctoral researcher at the Department of Mathematical Physics and Astronomy, Ghent University, 
Belgium. 



23 



References 



[1] Abraham, R. and Marsdcn, J.E. Foundations of Mechanics (Benjamin/Cummings, Reading, 
MA, 1978) 

[2] Ames, A. D., Gregg, R. D. and Spong, M. W. "A geometric approach to three-dimensional 
hipped bipedal robotic walking," In 46th IEEE Conference on Decision and Control, pp. 
5123-5130 (2007) 

[3] Cendra, EL, Marsden, J. E. and Ratiu, T. S. Lagrangian Reduction by Stages, Memoirs of the 
American Math. Soc. 152 (American Math. Soc, Providence, RI, 2001) 

[4] Crampin, M. and Mestdag, T. "Routh's procedure for non-abelian symmetry groups," J. 
Math. Phys. 49, 032901 (2008) 

[5] Gotay, M. J. and Nester, J. M. "Presymplectic Lagranian systems I: the constraint algorithm 
and the euivalence problem," Ann. Inst. Henri Poincare, 30(2), 129-142, 1979. 

[6] Gotay, M. J. and Nester, J. M. "Presymplectic Lagranian systems II: the second-order equation 
problem," Ann. Inst. Henri Poincare, 32(1), 1-13, 1980. 

[7] Jalnapurkar, S. M. and Marsdcn, J. E. "Reduction of Hamilton's variational principle," Dy- 
namics and stability of systems 15(3), 287-318 (2000) 

[8] Kobayashi, S. and Nomizu, K. Foundations of differential geometry, vol. I (Intersience, Wiley, 
New York (1963) 

[9] Langerock, B. and Castrillon Lopez, M. "Routhian reduction for singular lagrangians," preprint 
(2009) 

[10] Marmo, G., Morandi, G., Simoni, A. and Sudarshan, E. C. G. "Quasi-invariance and central 
extensions," Phys. Rev. D. 37(8), 2196-2205 (1988) 

[11] Marsden, J. E., Misiolek, G., Ortega, J. P., Perlmutter, M. and Ratiu, T.S. Hamiltonian 
reduction by stages, Lecture Notes in Math. 1913 (Springer, Berlin, 2007) 

[12] Marsden, J. E. and Perlmutter, M. "The orbit bundle picture of cotangent bundle reduction," 
C. R. Math. Rep. Acad. Sci. (Canada) 22, 33-54 (2000) 

[13] Marsden, J. E., Ratiu, T. S. and Scheurle, J. "Reduction theory and the Lagrange- Routh 
equations," J. Math. Phys. 41(6), 3379-3429 (2000) 

[14] Marsden, J. E. and Weinstein, A. "Reduction of symplectic manifolds with symmetry," Rep. 
Math. Phys. 5, 121-130 (1974) 

[15] Ortega, J. P. Symmetry, reduction and sability in Hamiltonian systems, PhD thesis (University 
of California, Santa Cruz, 1998) 

[16] Ortega, J. P. and Ratiu, T. S. Momentum maps and Hamiltonian reduction (Birkhauser, 
Boston, 2004) 

[17] Pars. L. A. A Treatise on Analytical Dynamics (Hcinemann, London, 1965) 



24 



